Abstract. In this paper we give a procedure to search for prime divisors of class numbers of real abelian fields and present a table of odd primes < 10000 not dividing the degree that divide the class numbers of fields of conductor ≤ 2000. Cohen-Lenstra heuristics allow us to conjecture that no larger prime divisors should exist. Previous computations have been largely limited to prime power conductors.
Introduction
Class numbers of real abelian fields are at least by present-day knowledge very hard to compute in practice. This is because they are so closely related to the fundamental units, which are difficult to compute or even estimate. Rough estimates that exist in turn lead to poor upper bounds for class numbers. Only for fields of small conductors can one bound class numbers decently with Odlyzko's tables of discriminant bounds; using them F. van der Linden [14] was able to determine (assuming GRH in some cases) the class numbers of all the real abelian fields of conductor ≤ 163. On the other hand, R. Schoof [20] recently predicted, using a heuristic assumption, that class numbers of real abelian fields of prime conductor are most likely very small compared to known upper bounds.
In his work Schoof also presented and applied an efficient method to compute class number divisors in the case of prime conductors. Koyama and Yoshino [11] presented another approach that allows practical computation. The methods also apply to prime power conductors, but for composite conductors (i.e., conductors having different prime divisors) the Galois module structure of (Hasse's) cyclotomic units is more complicated, due to the fact that different subfields may have different conductors, and thus generalizing the method in this direction is more difficult.
Our approach is to study previously known results that allow computations for composite conductors and to combine them with some ideas from the works mentioned above. We present a method to compute class number divisors for any real abelian field and produce a table of such divisors. By heuristic assumptions similar to Schoof's we predict it to contain all odd prime divisors not dividing the degree of the field in question.
H.-W. Leopoldt in his article [13] generalized Kummer's classical results on the divisibility of class numbers to any real abelian field. His main result is that if an 556 TUOMAS HAKKARAINEN odd prime p not dividing the degree of the field is a divisor of the class number, then a certain rational product of generalized Bernoulli numbers is divisible by p. By applying the p-adic class number formula, W. Schwarz [21] was able to give a simple computational criterion equivalent to Leopoldt's criterion, and he computed for all real abelian fields of conductor f ≤ 500 a table of all primes p < 100000 which possibly divide the class number. The table shows that for a fixed conductor there are usually roughly 5 to 20 primes satisfying Leopoldt's condition. But Leopoldt actually proved a somewhat deeper fact to be able to state his result, and this is what we apply to sharpen the results of Schwarz. Our procedure also makes it possible to sieve out the actual class number divisors from Schwarz's table.
We will first discuss the group theoretic background of Leopoldt's method by applying some earlier results of Leopoldt [12] . This will shed more light on the method of Schwarz. Then we present an additional technique to check if the primes found with Schwarz's method actually come from class numbers. We limit the computation to prime divisors not dividing 2[K : Q], since the primes dividing the degree of the field do not behave similarly and since for the prime 2 there are better techniques available. We mention here however that Schwarz's method could also be used for some primes dividing the degree; indeed, in many cases one could at least prove that a prime dividing the degree does not divide the class number.
For a broader exposition of the present work, see the author's thesis [8] .
Decomposition of class number
Leopoldt in his thesis [12] presented an arithmetic characterization of a real abelian field, continuing work of Hasse. A main idea was to apply the Wedderburn decomposition of the rational (and later p-adic) Galois group ring to the group of units of an abelian field. Leopoldt was able to reduce the study of the class groups of abelian fields with noncyclic Galois group essentially to the cyclic subfields corresponding to the classes of conjugate characters of the field. We review here only the definitions and results necessary for our study.
Let K be a real abelian field of conductor f with Galois group G of order g. For χ ∈ G, denote by χ a rational-irreducible character of K, i.e., χ = k χ k , where the sum is over the Q-conjugacy class χ = {χ k | (k, ord χ) = 1} of a character χ of K. The values of χ are in Z. Denote by f χ , g χ and Ker χ, respectively, the common conductor, order and kernel of the Q-conjugates of χ. There is a one-toone correspondence between the Q-conjugacy classes of the character group and the cyclic subfields of K, given by χ ←→ χ ; denote the cyclic field corresponding to χ by K χ . Its degree is g χ , its conductor f χ , and Gal(
via the rational orthogonal idempotents e χ = [8, p. 14] ; Leopoldt uses the notation E + χ and the term narrow χ-relative units). This is a subgroup of the units of K χ of rank ϕ(g χ ) (where ϕ is the Euler function), and it has a subgroup of χ-relative cyclotomic units
with finite index
Here the element η is defined as follows: Let H be the subgroup of (Z/f χ Z) × corresponding to Gal(Q(ζ f χ )/K χ ), and let H + ⊂ Z be a system of representatives of H/{±1}. Define
where runs through all the prime divisors of g χ and σ is a fixed generator of
is a unit of K χ and η = Θ Λ χ χ . Both E χ and F χ depend only on χ and thus are independent of the choice of K containing K χ . The groups of absolute values,
Another characterization of the χ-relative units is that they are the units ε ∈ E K χ satisfying |ε| e χ = |ε|. In particular, |ε| ∈ E e χ K . When considering E χ as a subgroup of the units of K, we see that the direct sum E K + = χ |E χ | over all the rational characters of K forms a group of units of finite index, say Q + K , in the group E K . Using this decomposition of the unit group and a similar decomposition of the regulator of K, we may split the class number of K in the form (see [12, p. 41 
where Q + K and Q G are rational integers as explained above, and the product runs through the Q-conjugacy classes χ of K. It is in general difficult to compute the number Q + K in practice. The quotient Q + K /Q G is usually not integral. The numbers Q + K and Q G are comprised only of primes dividing 2g, and since we assumed that p is not a divisor of 2g, we may conclude that the p-part of the class number h K of K is equal to the product of the p-parts of h χ : and can also be characterized as the group of ideal classes of order a power of p in K χ that satisfy the following condition: any ideal in the ideal class becomes principal under the relative norm map to any subfield L K χ (see [13] ). Thus the values h χ also provide structural information on the class group.
Leopoldt [13] showed the following fact when proving his theorem about the class number divisibility referred to in the introduction. The proof is based on the decomposition of the p-class group, the reflection theorem and the Stickelberger theorem. 
where B k,ψ is the kth generalized Bernoulli number associated to ψ.
Note that the above product over the Q-conjugacy class χ of χ is rational. Leopoldt also obtained a result in the ramified case p | f , p 2 f , but we omit it from this study for the sake of simplicity; in the computations we dealt with the case p | f using another method. Remark 2.3. There exist more recent results on the decomposition of the class group through rational p-adic characters that could allow more precise computations; see for example an article of Aoki [1] on the structure of p-adic parts of the class group. But computations with p-adic numbers may be more difficult or even impossible to perform in practice (cf. [10] ). In order to preserve efficiency of our algorithms, we prefer the rational approach. Schoof, on the other hand, bases his method on Gras's conjecture about the relationship between the p-adic parts of the class groups and of the units modulo cyclotomic units, while all his computations are in rational numbers. Gras's conjecture was proved by R. Greenberg in the case p not dividing the degree; he in fact showed that the orders of the p-adic parts of the class group and units modulo cyclotomic units coincide. This gives a connection between Schoof's method and ours.
The algorithm
We first give an outline of the method. As presented in the preceding section, we will omit the prime 2 and the primes dividing the degree g of the field K in question. To check if a prime p 2g divides the class number of K, it suffices to run the test for all the h χ,p separately, i.e., it is sufficient to study only cyclic fields K χ and cyclic modules |F χ | of cyclotomic units. When computing h χ , we always choose K = K χ and g = g χ .
The method consists of three parts. First we put an upper bound for the primes to be tested. For each prime below this bound, we apply Lemma 2.2 and the method of Schwarz [21] , and we are left with a small number of primes that must be tested further; for all the other primes p, the χ-class number is not divisible by p. In view of Leopoldt's result, Schwarz's method not only gives the primes p possibly dividing the class number h K , but also specifies the h χ that may admit the divisor p.
The second step consists of a search for cyclotomic units that are pth powers in the unit group, extending an idea of van der Linden [14] . In this way we are able to eliminate most of the remaining primes; they do not divide h χ .
Passing these tests is a necessary condition for the p-divisibility, and after them we have a strong belief that p could divide the χ-class number, but this is still not a proof. To verify the divisibility, we finally check whether the pth root of a unit found in the second step is in K χ . We use a method presented in an article of G. Gras and M.-N. Gras [5] .
Moreover, we provide a method to check whether h χ is divisible by a higher power of p. This is also based on [5] .
We limited the search to the fields of conductor f ≤ 2000 and to the primes p < 10000. In theory there could be larger primes dividing these class numbers, but we will see that the heuristics of Cohen and Lenstra [3] and the results of the computations (the largest prime factor found was 379) show this to be very unlikely.
Schwarz's method
We now describe the first step of the computation.
f ) be the maximal real abelian field of conductor f . As is clear from the preceding discussion, to study the p-divisibility of the class numbers of real abelian fields of conductor f , we have to compute the (χ, p)-parts h χ,p of the class number of K 0 for all the Q-conjugacy classes of characters χ of K 0 .
Let χ be a character of K 0 . Since h χ is independent of the choice of the field containing K χ , we may always assume f to be chosen minimal, i.e., f = f χ . In the first step we also assume p f ; the primes dividing f will be checked in the second step of the algorithm. We choose a bound for the primes p 2fg χ to test.
Denote by [a] the integer part of a > 0. We begin with a lemma [21, pp. 45-46 ].
Lemma 4.1. If χ is a character of conductor f and order n and p 2f is a prime, then
Proof. We sketch a proof. Fix an embedding of the field of all algebraic numbers in an algebraic closure Ω p of the p-adic field Q p and regard all algebraic elements as being in
By using properties of p-adic L-functions L p (s, χ) we have
Metsänkylä [16] shows that
whenever b i modulo p are rational integers satisfying
(By Schwarz, p. 43, the number λ(ζ) modulo p equals the Fermat quotient
, we may write
Define the numbers b i for all i ∈ Z\f Z by periodicity modulo f . We have
Consequently, by choosing
the b i satisfy the requirement. By the formula (4.2),
We conclude that the congruence (4.1) holds modulo p (in Ω p ). The claim follows since the numbers in (4.1) are p-integers in the field Q(ζ n ).
Denote by Φ n (x) the nth cyclotomic polynomial.
Proposition 4.1. Let f be the conductor and n the order of χ. Let
where
denotes the greatest common divisor of the indicated polynomials, regarded as polynomials over
where Res(·, ·) denotes the resultant. Finally, p divides Res(f (x), g(x)) if and only
The proof of the proposition is essentially found in Schwarz's thesis. Schwarz also shows that the computational complexity of the method is O(p + f + n 2 ). He used the result to produce a table of possible class number divisors p < 100000 for any real abelian field of conductor f ≤ 500. By resorting to Leopoldt's decomposition of class number, the results become more transparent in the case of composite conductor. In particular, we know explicitly the factor group of units that is of order h χ .
Remark 4.2. The p-adic class number formula implies that the primes p fg χ satisfying (4.3) but not dividing the class number must satisfy
. In this way we obtain some knowledge of the p-adic regulator without knowing the fundamental units. In many cases one could also use the method and the p-adic class number formula to check whether the class number is not divisible by a prime dividing the degree of the field. With slight changes to the preceding method, one could also compute the p-exponent of the (p-adic) product h K R p (K), thus obtaining an upper bound for the p-exponent of the class number.
Second step
In [14] van der Linden introduced a method with which he could show by computation that p h K in some cases. However, his use of the group of units modulo (Hasse's) cyclotomic units is problematic in general, since one may need to combine unit groups of subfields in order to obtain groups of full rank (see [22, p. 150] ). We avoid this problem by applying a similar procedure to the groups E χ /F χ .
To check if h χ,p = 1, we need to analyze the structure of the group E χ /F χ . As noted before, E χ /{±1} and
Since the intersection of two different minimal submodules is zero, the p-exponent of h χ is at least the number of minimal submodules
In order to prove that h χ,p = 1, it suffices to compute all the minimal submodules of F χ /F p χ and to check that all of them contain elements that are not p th powers of units. This is not difficult since the minimal submodules are cyclic and easily determined by the following proposition and remark. Recall that the Z[G χ ]-module |F χ | is generated by ±η = (±Θ χ )
Λ χ , where Θ χ and Λ χ are defined by (2.1).
, where i runs through all the zeros of Φ g χ (x) (mod p) and σ is a generator of G χ .
Proof. Consider the
By the assumption on p, the cyclotomic polynomial Φ g χ (x) factors completely modulo p and we have the evident
. By the isomorphism, they correspond to the modules
where σ − i runs through the factors of Φ g χ (σ) (mod p). The claim follows.
Remark 5.1. The proposition generalizes to all odd primes not dividing g χ . Indeed, choose the smallest
The g χ th cyclotomic polynomial factors over
Then the minimal submodules of
Note that if a prime p of order f p modulo g χ divides h χ , then p f p also divides h χ . This follows from Remark 2.1.
is the pth power of some ε ∈ E χ . We explain how this will be done, following [14] . Later we will also need the fact that ε ∈ F χ ; this follows from the nontriviality of
Choose a prime q ≡ 1 (mod 2p f χ ) and some b ∈ Z satisfying the conditions
as a rational function r(ζ 2f χ ), we examine whether
Indeed, this must hold if r(ζ 2f χ ) = ε p . If the congruence holds, we choose another pair (q, b) and repeat the test; if the congruence condition is not satisfied for some pair, we conclude that F i ⊆ E p χ . If for every submodule F i there exists a pair (q, b) not satisfying the congruence, we have the result p h χ . Otherwise, if there is a prime p and a submodule F i which pass the congruence test for many pairs, this gives strong evidence that p would divide the class number. But since this process involves uncertainty, we still have to apply another method.
Remark 5.2. Instead of ζ 2f χ , we may actually use f χ th roots of 1 in the computations of the second step. In fact, it is an easy exercise to see that Θ σ−1 χ may always be written as a rational function of ζ f χ .
Third step
For some α = η Φ g χ (σ)/f i (σ) satisfying (5.1) for many pairs (q, b), we want to verify that α is a pth power in E χ . This is equivalent to showing that p √ α is an element of K χ . As a unit of K χ , the element α has g χ conjugates in K χ . We calculate an approximation of α and its conjugates α σ as real numbers by noting that ζ Since we actually compute α in F χ /F p χ , note that we may minimize modulo p the absolute values of the coefficients of Φ g χ (x)/f i (x) ∈ Z[x] in order to prevent coefficient explosion.
Higher powers of p
Suppose that using the preceding method we have found a prime p with p | h χ . We want to check whether h χ is divisible by a higher power of p. G. Gras and M.-N. Gras [5] introduced a method with which this verification is in principle possible.
The following lemma describes the correspondence we found between our and Gras's approach. By combining this result with our method as shown later, we were able to check all the cases with p ≡ 1 (mod g χ ) encountered in the computations.
Lemma 7.1. Let n ≥ 2 and assume
where N (γ) denotes the absolute norm of γ ∈ Z[ζ n ].
Proof. By the assumption on p, all the zeros of Φ n (x) (mod p) are of the form k j , where (j, n) = 1. Thus the prime ideals of Z[ζ n ] above p are P j = p, ζ n − k j , (j, n) = 1. Write the claim in the form
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Since ζ n ≡ k (mod P 1 ), this congruence holds modulo P 1 . Moreover, since the automorphisms ζ n → ζ j n , (j, n) = 1, permute the prime ideals, we see for any i = 1 that both products contain a factor divisible by P i .
Assume p | h χ and p ≡ 1 (mod g χ ) and let σ be a fixed generator of
and the lemma, we write in Z[G χ ],
Hence the isomorphism induced by τ in the proof of Proposition 5.1 implies that 
1). From this it follows that
On the other hand,
Now we run the third step using F χ in place of F χ . Proposition 5.1 holds with ε in place of η. We thus check whether ε Φ g χ (σ)/(σ−j) is a pth power for any j satisfying Φ g χ (j) ≡ 0 (mod p). By (7.1), this is equivalent to checking whether ε
is a pth power. We may compute ε = p η N (σ−j)/(σ−j) and its conjugates ε σ k with a sufficient precision. It follows that we may compute an approximation of any conjugate of ε Φ g χ (σ)/(σ−j) . In fact, one knows a priori that it suffices to check only those minimal submodules of F χ /F p χ that correspond to the minimal submodules of F χ /F p χ found to contain pth powers. Indeed, assume
where i = j. Let ε 1 be the real number defined by ε
This method seems to fail for p ≡ 1 (mod g χ ). Indeed, the second step only gives us pth powers explicitly, although we know by the theory that there also exist p f p th powers, where f p is the residue class degree. Nevertheless, if we find in the second step that p | h χ , we may check whether the number ε ∈ R satisfying ε
belongs to E χ \F χ for some i. In this way we may still find a p f p th power in E χ , but whether this happens remains theoretically unproven since there is no result similar to (7.1). In the computations this was possible in all the cases we confronted; indeed, the results in [5] give evidence that this should always be the case. Choose again −1, 3 and the 3-class number of the quadratic field of prime conductor 1129 is 3
2 . The latter is also found in Schoof's table [20] . Additionally, we verified that all the other higher powers of p found in his table could also be determined with our method.
Remark 7.2. G. Gras and M.-N. Gras [5] computed class numbers of real abelian fields of small degree using a method quite similar to our method of finding pth powers. They also used Leopoldt's condition similar to Schwarz's method to limit the number of possible divisors. The tables [6] and [7] were computed using this method. The aim in [5] was to compute class numbers of real abelian fields using explicit upper bounds that are practical only in fields of small degree; hence the efficiency of the algorithm was not as crucial as in our computations. On the other hand, the efficiency might be improved using first the congruence method as in the second step. Gras's method essentially consists of a search of units of E P χ belonging to F χ , where P is a prime ideal of Z[ζ g χ ] above p; this amounts to searching for units of the form (
This suggests that our method could similarly be generalized to search (by the isomorphism
for Pth powers in E χ . This would settle more naturally the case of a larger residue class degree. One possibility would be to investigate the group (E χ /F χ ) P (the P-part will be defined later in this work).
An example of the calculation
The following example shows how the calculations were done. Choose f = 1261 = 13 · 97. Let K = Q(ζ f + ζ −1 f ). There are 47 real cyclic fields of conductor f corresponding to the nontrivial Q-conjugacy classes of characters of K.
We run for any h χ the first step of the method by checking whether the condition (4.3) holds. All the necessary information for the computation may be gathered from the knowledge of the corresponding Q-conjugacy class χ. This is the lengthy part of the calculation since we check all the primes 2 < p < 10000, p f , for all the 47 different h χ . We find out that there are in total 68 primes (counted with multiplicity) that satisfy (4.3) for some h χ , of which 10 primes divide g χ . We continue to the second step only with the primes not dividing g χ (the 10 discarded primes of course would also contain some information of the class number divisibility, but they would require another method). Usually the number of primes satisfying (4.3) was found to be roughly proportional to the number of different h χ .
In the second step we check all the remaining 58 cases. We also check for all different h χ the primes 13 and 97 dividing f . There are a total of 152 pairs (h χ , p) to check. For instance, we have the prime candidate 2689 in the field of degree 96 corresponding to the character χ = χ we can handle all the primes not dividing the class number in this way. An example of a prime dividing the class number is given in the following.
Let p = 97 and χ = χ 2 13 χ 10 97 . We compute 10 appropriate pairs (q, b) and notice that (5.1) is always satisfied for the minimal submodule corresponding to f i (σ) = σ + 48 (the specific minimal submodule depends on the choice of the generator σ of G χ ; we had σ defined by ζ f → ζ 19 f ). We move on to the third step and compute a real approximation of η Φ 96 (σ)/(σ+48) and its conjugates. Its minimum polynomial has huge coefficients, thus it is first important to reduce the coefficients of Φ 96 (σ)/(σ + 48) ∈ F 97 [G χ ]. Choosing the coefficients with the smallest absolute value modulo p seems to be adequate; denote by α the element thus obtained. The precision we needed in this case was over 5000 digits in order to be able to compute the minimum polynomial m(x) of α. The choice of the coefficients of α was probably not ideal. Nevertheless, this was still possible to handle with a computer. The minimum polynomial m p (x) of p √ α was computed in the same manner; it had much smaller coefficients, the largest with 54 digits. Finally, we checked that m p (x) divides m(x p ). Moreover, we used the method of higher powers of p to verify that p 2 h χ . There were altogether three pairs (h χ , p) with p not dividing f (indeed, with p = 5 or 7; see the table) for which we could not find any pairs (q, b) failing to satisfy (5.1). They were all verified to be actual class number divisors using the third step.
The computing time of all the above was approximately one hour using Mathematica 4.1 [24] on an AMD Athlon 2000+.
Cohen-Lenstra heuristics
Schoof [20] showed, based on a speculative extension of the Cohen-Lenstra heuristics [3] , that the class numbers of real abelian fields of prime conductor are most likely relatively small. The same holds for prime power conductors; see Buhler et al. [2] . We see from Section 2 how to treat class groups of fields of any conductor. It would be natural to assume that the predictions given by Schoof on the size of the class groups hold in our case as well. We will show that this is indeed the case.
Cohen and Lenstra give conjectural heuristic assumptions on the properties of finite modules over direct products of Dedekind domains. In particular, the assumptions apply to the modules over the (unique) maximal order of the group ring Q[G]/ σ∈G σ with G abelian. Their examples include probabilities for properties of the class groups of quadratic fields and real abelian fields. The p-parts of the class groups with p dividing the degree had to be excluded; recently Wittmann [23] presented heuristics for such primes in some special cases.
To apply the heuristics, one should originally have a large collection of fields of varying conductor and fixed degree. Since our computations are limited to the fields of conductor at most 2000 and of varying degree, the situation is different. But as is mentioned in [2] and [20] , the heuristics and the computed results together support the conjecture that the class groups of real abelian fields are usually very small.
We assume for the rest of the section that p #G. The decomposition (2.2) allows us to define the p-class groups as modules over χ = 1 Z[ζ g χ ]; since Cl 1,p = 1 for the trivial character 1 = χ 0 , we may drop the corresponding part from the direct sum. Since the above sum is isomorphic to the maximal order of the group ring Q[G]/ σ∈G σ = Q[G]/e 1 Q[G], the heuristics may be applied in our case.
For a finite module A over a Dedekind domain R, there is a decomposition A = P A P , where the sum is taken over the prime ideals P of R and A P = {a ∈ A | Ann R a is a power of P}.
Only finitely many A P = 0. Now by [3, Example 5.10] , assuming the heuristics, the probability that A P = 0 is equal to
, where the norm N P = #(A/P). The probabilities for the different P will be assumed independent.
Let us show how to apply the above probability in our case. Note first that the prime ideals of 
where P denotes the set of all prime numbers p 2g χ . Having computed all the p-parts of the class groups for 2 < p < 10000, we assume p > 10000. Then by taking the logarithm and using the estimates
The series is dominated by the terms with f p = 1, i.e., p ≡ 1 (mod g χ ); the remainder is smaller than p>10 4 p −4 < 10 −13 (this is estimated via the "prime zeta function" (9.1)). By the prime number theorem for arithmetic progressions, the number of primes p < n satisfying p ≡ 1 (mod g χ ) equals approximately #{p ∈ P | p < n}/ϕ(g χ ) for large n. Thus with many different g χ we have, at least on average,
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We assumed that 10 −13 is insignificant; this holds, when the numbers g χ are of the magnitude we confronted in the computations. The series over primes may be approximated from its expression in terms of values ζ(m) of the Riemann zeta function, m ≥ 2. Indeed, we have
as the Möbius inversion of the logarithm of the Euler product for ζ(m) (see, e.g., [4] It is interesting to note that this estimate does not depend on g χ . We computed all the (χ, p)-parts of the class groups for 2 < p < 10000, p g χ , f χ ≤ 2000. For f χ ≤ 500, we even went up to the bound p < 100000 utilizing Schwarz's tables [21] . For any fixed p, there are a total of 9339 different Z[ζ g χ ]-modules Cl χ,p for 500 < f ≤ 2000 (1679 for f χ ≤ 500). When substituting this information in the above formulas, one obtains from the heuristics that the predicted number of occurrences of nontrivial class group parts Cl χ,p (dropping out from the study all the primes dividing 2g χ ) for the fields of conductor f χ ≤ 2000 would be approximately 443, and that the class number would not contain larger primes for 500 < f χ ≤ 2000 with probability ≈ 91% (for f χ ≤ 500 with ≈ 99%). We might exclude from the calculation all the class group parts corresponding to the fields of small degree since there exist extensive tables for them; then the above probability for 500 < f χ ≤ 2000 rises to at least 93%. Given that all the computations have produced only relatively small prime divisors compared to the degree of the field, we find it reasonable to believe that the class number divisors found are, in fact, all the primes dividing h χ for any f χ ≤ 2000, excluding the primes dividing 2g χ .
We found 231 nontrivial χ-parts of class groups, which is less than the expected number 443, but which is still of the same order of magnitude when compared to the number of all the χ-parts. This supports the belief, stated by Schoof [20] , that the heuristics would slightly overestimate the chance of a nontrivial class group when the conductor is relatively small.
Table
In the enclosed table we present all the prime divisors 2 < p < 10000 of the class numbers of the real abelian fields of composite conductor 500 < f ≤ 2000 and the prime divisors p < 100000 for f ≤ 500, excluding the primes dividing the degree of the field. The first column indicates the conductor f χ of K χ . A character defining the field K χ is written in the second column. We use the notation χ ν for the generating character modulo ν with > 2 a prime. Let ω 4 modulo 4 be defined by ω 4 (−1) = −1. For ν ≥ 3, define χ 2 ν modulo 2 ν by χ 2 ν (5) = ζ 2 ν−2 and χ 2 ν (−1) = 1. The representatives of the Q-conjugacy classes of characters were chosen as in [21] .
The third column gives the degree g χ of K χ and the last column shows the prime divisor p of the χ-class number h χ . We did not encounter any h χ having more than one prime divisor. The occasional exponent of p is the residue class degree of p modulo g χ , except for one case. This is a field of conductor 1921 for which we found two different submodules containing 17th powers. The search for higher powers of p showed that the class number is exactly divisible by 17 3 . We computed, using PARI [18] , that the 17-class group is of type Z/17 2 Z × Z/17Z. Note that 17 divides 1921. In general, the case where p divides the conductor seems to occur very often. For the fields of prime power conductor, recall that Vandiver's conjecture (verified up to a very large conductor) states that such primes never divide the class numbers.
For any real field K of conductor f , one may read the p-part of h K for any p < 10000, p 2[K : Q], by combining the entries of the table (together with Schoof's table of the fields of prime conductor in [20] ) for all the cyclic subfields K χ of K of conductor f χ | f . The p-class structure is given by (2.2).
For example, let K = Q(ζ f + ζ 163 ) is 4 (see [14] ), we find that all the other possible odd prime factors of h K must be larger than 10000.
The results were checked to agree with the tables of real cyclic fields of degree at most 6 (cf. [17] , [6] , [7] , [9] , [15] ). All the class number divisors of the fields of degree at most 20 were also confirmed with PARI. The results in the case of a prime conductor (omitted from this table) were found to agree with the tables of Schoof [20] and Koyama and Yoshino [11] .
